Let K be a local field whose residue field has characteristic p and let L/K be a finite separable totally ramified extension of degree n = ap ν . The indices of inseparability i 0 , i 1 , . . . , i ν of L/K were defined by Fried in the case char(K) = p and by Heiermann in the case char(K) = 0; they give a refinement of the usual ramification data for L/K. The indices of inseparability can be used to construct "generalized Hasse-Herbrand functions" φ
Introduction
Let K be a local field whose residue field K is a perfect field of characteristic p, and let K sep be a separable closure of K. Let L/K be a finite totally ramified subextension of K sep /K. The indices of inseparability of L/K were defined by Fried [2] in the case char(K) = p, and by Heiermann [5] in the case char(K) = 0. The indices of inseparability of L/K determine the ramification data of L/K (as defined for instance in Chapter IV of [7] ), but the ramification data does not always determine the indices of inseparability. Therefore the indices of inseparability of L/K may be viewed as a refinement of the usual ramification data of L/K.
Let π K , π L be uniformizers for K, L. The most natural definition of the ramification data of L/K is based on the valuations of σ(π L ) − π L for K-embeddings σ : L → K sep ; this is the approach used in Serre's book [7] . The ramification data can also be defined in terms of the relation between the norm map N L/K and the filtrations of the unit groups of L and K, as in Fesenko-Vostokov [1] . This approach can be used to derive the well-known relation between higher ramification theory and class field theory. Finally, the ramification data can be computed by expressing π K as a power series in π L with coefficients in the set R of Teichmüller representatives for K. This third approach, which is used by Fried and Heiermann, makes clear the connection between ramification data and the indices of inseparability.
Heiermann [5] defined "generalized Hasse-Herbrand functions" φ j L/K for 0 ≤ j ≤ ν. In Section 2 we give an interpretation of the values φ j L/K (c) of these functions at nonnegative integers c. This leads to an alternative definition of the indices of inseparability which is closely related to the third method for defining the ramification data. In Section 3 we consider a tower of finite totally ramified separable extensions M/L/K. We use our interpretation of the values φ 
Generalized Hasse-Herbrand functions
We begin by recalling the definition of the indices of inseparability i j (0 ≤ j ≤ ν) for a nontrivial totally ramified separable extension L/K of degree n = ap ν , as formulated by Heiermann [5] . Let R ⊂ O K be the set of Teichmüller representatives for K. Then there is a unique seriesF(X) =
If char(K) = 0 it may happen that a h = 0 for all h ≥ 0 such that v p (h + n) ≤ j, in which case we setĩ j = ∞. The indices of inseparability are defined recursively in terms ofĩ j by i ν =ĩ ν = 0 and i j = min{ĩ j , i j+1 + v L (p)} for j = ν − 1, . . . , 1, 0. Thus
It follows from the definitions that 0 = i
case. If char(K) = 0 thenĩ j can depend on the choice of π L , and it is not obvious that i j is a well-defined invariant of the extension L/K. We will have more to say about this issue in Remark 2.5.
Following [5, (4.4) ], for 0 ≤ j ≤ ν we define functionsφ
be the usual Hasse-Herbrand function, as defined for instance in Chapter IV of [7] . Then by [5, Cor. 6 .11] we have φ
We wish to reformulate the definition of φ j L/K (x). We will use the following elementary fact about binomial coefficients, which is proved in [5, Lemma 5.6] .
and c is a power of p.
If j 0 > v p (h + n) then we can replace j 0 with j 0 − 1 and j 1 with j 1 − 1 without increasing the value of h + (
where the second and third equalities follow from Lemma 2.1.
] be a power series with Weierstrass degree n such that F (π L ) = π K . Then the following are equivalent:
There exists an
A d -algebra homomorphism s d : B d → B d [ǫ j ] such that s d (π L ) = π L + uπ c+1 L ǫ j .
Therefore Condition 2 holds. On the other hand, if Condition 2 holds then applying the homomorphism 
Proof: Let c ∈ N 0 . SinceF (X) satisfies the hypotheses for
Hence by Proposition 2.2 it is sufficient to prove that (2.4) is equivalent to the following:
Assume first that (2.
Suppose m ≤ h + n and l ≥ j 0 . Using Lemma 2.1 we get
Combining this with (2.5) we get
Hence (2.6) holds in this case. Finally, suppose m ≤ h + n and l < j 0 ≤ j. It follows
Therefore (2.6) holds in this case as well. It follows that every term in
Assume conversely that (2.4) holds. Among all the nonzero terms that occur in any of the series
be a term whose L-valuation w is minimum. If char(K) = p then for each m ≥ 1 the nonzero terms of (D mF )(π L ) have distinct Lvaluations, so it follows from (2.4) that w ≥ n + d. Suppose char(K) = 0 and set
Therefore we may assume i ≤ l. Since v p n p i = ν − i and a 0 = 0 we have l ≤ ν.
Suppose w < n + d. Then it follows from (2.4) that there is h ′ = h such that a h ′ = 0 and
Therefore by Lemma 2.1 we have
Combining this with (2.7) gives h ′ = h, a contradiction. Therefore w ≥ n + d holds in general. Hence by the minimality of w we get (2.5). 
Some of the proofs in Section 3 depend on "tame shifts": Let e ≥ 1 be relatively prime to p[L : K] = pn, let K e /K be a totally ramified subextension of K sep /K of degree e, and set L e = LK e . Then L e /K e is a totally ramified extension of degree n which is closely related to L/K:
Proof: It suffices to show that ei 0 , ei 1 , . . . , ei ν are the indices of inseparability of L e /K e . 1/e . Hence the seriesF e (X) =F (
By Proposition 2.4 this is equivalent to showing that Φ
(mod π n+de Le ),
and hence Φ 
Towers of extensions
In this section we consider a tower M/L/K of finite totally ramified subextensions of K sep /K. Our goal is to determine relations between the generalized Hasse-Herbrand functions φ l M/K of the extension M/K and the corresponding functions for L/K and M/L. It is well-known that the indices of inseparability of L/K and M/L do not always determine the indices of inseparability of M/K (see for instance Example 5.8 in [3] or Remark 7.8 in [5] ). Therefore we cannot expect to obtain a general formula which expresses φ l M/K in terms of φ j L/K and φ k M/L . However, we do get a lower bound for φ l M/K (x), and we are able to show that this lower bound is equal to φ
] be a power series with Weierstrass degree n such that F (π L ) = π K and define
is the Newton copolygon of F * (ǫ) with respect to v K . Gross [4, Lemma 1.5] attributes the following observation to Tate:
It follows that we can use the series
to compute the Hasse-Herbrand functions for the extensions M/L and M/K. As Lubin points out in [6, Th. 1.6], by applying Proposition 3.1 to the relation H * (ǫ) = F * (G * (ǫ)), we obtain the well-known composition formula
We wish to extend the results above to apply to the generalized Hasse-Herbrand functions φ
. Alternatively, we may view F * (ǫ j ) as the polynomial obtained by discarding all the terms of F * (ǫ) of degree ≥ p j+1 . Therefore it makes sense to consider the valuation function Ψ
Now choose e ≥ 1 relatively prime to p[L : K] = pn and let K e /K be a totally ramified subextension of K sep /K of degree e. Then L e = LK e is a totally ramified extension of L degree e. Let π K , π Ke , π L , π Le be uniformizers for K, K e , L, L e such that π e Ke = π K and π e Le = π L . Then π Ke = F (π e Le )
1/e , so the series F e (X) = F (X e )
1/e satisfies F e (π Le ) = π Ke . Let
Then
By Lemma 2.8 we have φ 
Since the set {c/e : c, e ∈ N, gcd(e, pn) = 1} is dense in [0, ∞), and φ 
and for x ≥ 0 define
The rest of the paper is devoted to proving this theorem. We first consider the cases where x = c ∈ N 0 . The proof in these cases is based on Proposition 2.4. To get information about Φ l M/K (c) we compute the most significant terms ofF (Ĝ(π M +π c+1 M ǫ)). It follows from Proposition 2.4 that for 0 ≤ j ≤ ν we havê
In addition, since X n dividesF (X) we havê
It follows from (3.2) and (3.3) that 
